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ÜLæ ×�Ø!Û�æ®Ú$ë�×�ì�íÀÛ�ØEÝ±ÙEæ ×)÷$q¡î Ú ì¬ã¥÷Dß¥óiê5í&þ¥ä&×-òEÛ�Ù`ÝDçÄß�Û�Ý�ôbã¥ôEä7ÝnÜLÙE×-Û�ØEÝ±ÙEæ ×AÝ�q¡ózÛ�Ý±ôbã¥åAÙEæ®ÝDçÄß¥ó
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Ý�qªrkÝ±Þ�ØEÝ-åAæ®Ý±ä7ÝBë�×�ì�íBåAæ®Ý±ä7Ú)Û�×�ÜLÙEð·í&ä&Û�Ù`ÚEî
÷$qªÙ�æ®Ý±ä7Ý6Û�×�ÜLÙEð·í&ä&Û�Ù`Ý|ë�×�ì�í)åAæ®Ý±ä7Ú�Ü

X
óPõ5Ø!ßùê�Ý±Þ�Ø!ß4Û�÷Eæ þ¥ä-ôEä&Û�×�ì�í&ä&Û�×�ÙEæ

X
ì¬ôb×�çÄÙEæ®Ý

Ü"Ý±ä&òEÙE×�êªl1Ý±ä7Ý�í&áE×�ã!Ø!ã¥ä&ß<i ×�õ¥ã`î
à-qyub÷Eæ ã¥ä7Ý±åAæiåAæ ×�ä&Û�Ý±è ÙDßDåAæ:ì&Ú\ë�×�Ø!ßDÙEæ ×ÀÛ�÷Eæ ã¥ä&ß�åAæ®Ý±ä&ß�Û�×�ÜLÙEð·í&ä&Û�ÙE×�ë1Û�×�ä&ã`î
Ø@qIðiÝ¥Ø!ÙE×ÀÛÀôbã�ÜLßDÞ�ì¬Û�ß!à7á+Û�ØEÝ±ý6ÙEæ ×1ë�×�ì�íBôEä7ÝnÜBØ!Û�æ Ü1×¥î

sEî!ø ôEä&Û�×�ì�í&ä&Û�×�ÙEæ
X
ÜLßDä&þ¥Þ�ÙEæ®Ý±å-ß|ôEòEÙEê5í

x0
ã¥ä7Ý±ÛÀØ!×��`ÙEæ ò�ë�×�å-ß�â�òEÙEê5à�ë�ð

µ
ÜLÛ�ã¥ä&×�å¾�

µ(A) =

{

0, x0 ∈ X \A,
1, x0 ∈ A.

Ý�qª�EòEÙEê5à�ë¬Ý
µ
ë�×�ì�íBåAæ®Ý±ä7Ú-Û�×�ÜLÙEð·í&ä&Û�Ù`ÚEóEÝ±è ×ÀÙEæ ×"ë�×�ì�íBåAæ®Ý±ä7ÚEî

÷$qª�EòEÙEê5à�ë¬Ý
µ
ë�×�ì�íBåAæ®Ý±ä7Ú-Û�òEôb×�çÄÙ`ÚEó`Ý±è ×ÀÙEæ ×"ë�×�ì�íBåAæ®Ý±ä7Ú-òEÙEã¥ä&åAã�Ü"Ý±Ù`ÚEî

à-qª�EòEÙEê5à�ë¬Ý
µ
ë�×�ì�íBåAæ®Ý±ä7Ú-Û�òEôb×�çÄÙ`ÚAæzòEÙEã¥ä&åAã�Ü"Ý±Ù`ÚEî

Ø@q+ø ôEä&Û�×�ì�í&ä&Û�×�ÙEæ
X
æ®ì�í&ÙEæ ×�ë¬ÚAÛ�÷Eæ ã¥ä&ß|ÙEæ ×�åAæ ×�ä&Û�Ý±è ÙE×ÀÜ1×�ØbçÄòEõ)í&×�ë"åAæ®Ý±ä&ß¥î

p-oEîzø ôEä&Û�×�ì�í&ä&Û�×�ÙEæ
Rn ä&ã¥Û�Ü"Ý±Þ�å-ß6ä&ã!Ø!Û�æ ÙEð J Û�÷Eæ ã¥ä&þ�ÜxåAæ ×�ä&Û�Ý±è ÙDß!à7á�Ü1×�ØbçÄòEõ�Ö¥ã¥ä7ØEÝ±Ù`Ýæ:ä&ã!Ø!Û�æ ÙEð

L
Û�÷Eæ ã¥ä&þ�ÜñåAæ ×�ä&Û�Ý±è ÙDß!à7á+Ü1×�ØbçÄòEõ g:×�÷b×�ì¬õ¥òE×Di ÝEîPø4ì¬ê�Ý±Û�Ý¥ú\Û�ØEÝ±ÙEæ ×kôEä7ÝnÜBØ!Û�æ Ü1×¥î

Ý�qªrkÝ±Þ�Ø!ß|Û�÷Eæ þ¥äLÙ`Ý±è ×�Þ�Ú¥à·ß�Ø!ã
J
Ù`Ý±è ×�Þ�ß+Ø!ã

L
î

÷$qªrkÝ±Þ�Ø!ß|Û�÷Eæ þ¥äLÙ`Ý±è ×�Þ�Ú¥à·ß�Ø!ã
L
Ù`Ý±è ×�Þ�ß+Ø!ã

J
î

à-q�²�ì�í&ÙEæ ×�ë�×kÛ�÷Eæ þ¥ä�ó!ê5í&þ¥ä&ß|Ù`Ý±è ×�Þ�ß+Ø!ã
J
æ:ÙEæ ×ÀÙ`Ý±è ×�Þ�ß+Ø!ã

L
î
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Ø@q�²�ì�í&ÙEæ ×�ë�×kÛ�÷Eæ þ¥ä�ó!ê5í&þ¥ä&ß|Ù`Ý±è ×�Þ�ß+Ø!ã
J
æ�Ø!ã

L
æ:å|Ý)ä&þ¥Þ�ÙE×ÀåAæ®Ý±ä&ß¥î

pDp¥înwLã¥Û�Ü"Ý±Þ�å-ßAâ�òEÙEê5à�ë�ðkã¥êDä&×�é¬è ã¥Ù`Ú$ÜLÛ�ã¥ä&×�å¾�

D(x) =

{

1, x ∈ Q ∩ [−2, 5],
0, x ∈ (R \Q) ∩ [−2, 5].

Ý�qª�EòEÙEê5à�ë¬Ý
D
ë�×�ì�í\à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝkÜMì¬×�Ù`ì¬æ ×¢wLæ ×�å|Ý±ÙEÙEÙ`ÝEî

÷$qª�EòEÙEê5à�ë¬Ý
D
ë�×�ì�í\à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝkÜMì¬×�Ù`ì¬æ ×¢g:×�÷b×�ì¬õ¥òE×Di ÝEî

à-qª�EòEÙEê5à�ë¬Ý
D
ë�×�ì�í\à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝkÜMì¬×�Ù`ì¬æ ×¢wLæ ×�å|Ý±ÙEÙEÙ`Ý)æ�g:×�÷b×�ì¬õ¥òE×Di ÝEî

Ø@q�²�ì�í&ÙEæ ×�ë¬Ú�ã¥÷Eæ ×Là�ÝDçÄêDæ�ó±Ý±è ×Là�ÝDçÄê�Ý?g:×�÷b×�ì¬õ¥òE×Di Ý%ë�×�ì�íZä&þ¥Þ�Ù`Ý\ã!Ø)à�ÝDçÄêDænwLæ ×�å|Ý±ÙEÙ`Ý�Û1â�òEÙEê5ö
à�ë�æ

D
î

p�m!î!ø4ì¬ê�Ý±Û�Ý¥ú�Û�ØEÝ±ÙEæ ×ÀôEä7ÝnÜBØ!Û�æ Ü1×¥î
Ý�qªrkÝ±Þ�ØEÝ�â�òEÙEê5à�ë¬Ý-à�ÝDçÄê¥ã�Ü"Ý±è Ù`Ý�Üñì¬×�Ù`ì¬æ ×�g:×�÷b×�ì¬õ¥òE×Di Ý"ë�×�ì�í"à�ÝDçÄê¥ã�Ü"Ý±è Ù`Ý�Üñì¬×�Ù`ì¬æ ×�wLæ ×·ö
å|Ý±ÙEÙ`Ý)æ:ã¥÷Eæ ×kà�ÝDçÄêDæ:ì&Ú-ä&þ�ÜLÙE×¥î

÷$qªrkÝ±Þ�ØEÝ|â�òEÙEê5à�ë¬Ý/à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝAÜ�ì¬×�Ù`ì¬æ ×}wLæ ×�å|Ý±ÙEÙ`Ý$ë�×�ì�í$à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝAÜ�ì¬×�Ù`ì¬æ ×xg:×·ö
÷b×�ì¬õ¥òE×Di Ý)æzã¥÷Eæ ×kà�ÝDçÄêDæ:ì&Ú)ä&þ�ÜLÙE×¥î

à-qªrkÝ±Þ�ØEÝ|â�òEÙEê5à�ë¬Ý/à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝAÜ�ì¬×�Ù`ì¬æ ×}wLæ ×�å|Ý±ÙEÙ`Ý$ë�×�ì�í$à�ÝDçÄê¥ã�Ü"Ý±è Ù`ÝAÜ�ì¬×�Ù`ì¬æ ×xg:×·ö
÷b×�ì¬õ¥òE×Di ÝEóEÝ±è ×kà�ÝDçÄêDæzåAã¥õ5Ú-÷Dß!ú�ä&þ¥Þ�ÙE×¥î

Ø@qªØBæ ×-å|Ý|Þ�Ý¥Ø!ÙE×�õ¥ã�Û�ÜLæ®Ú±Û�êDò�åAæ ð�Ø!Û�ß6à�ÝDçÄê¥ã�Ü"Ý±è ÙEã5é&à·æ®Ú$â�òEÙEê5à�ë�æ�Üxì¬×�Ù`ì¬æ ×}wLæ ×�å|Ý±ÙEÙ`Ý
æ�g:×�÷b×�ì¬õ¥òE×Di ÝEî

p-®Eî6��ÜLæ ×�ä7Ø!Û�×�ÙEæ ×%ãBæ®ì�í&ÙEæ ×�ÙEæ òkÙEæ ×�å|Ý±è ×�ë¬Ú¥à·×�õ¥ãBà·æ®Ú5õ¥ò�â�òEÙEê5à�ë�æ5ôEä&ã5ì�í�ß!à7á�Û�÷Eæ ×�Þ�ÙE×�õ¥ãBØ!ã\ØEÝ±ÙE×�ë
â�òEÙEê5à�ë�æ�Ø!ã±í�ß!à·Û�ß<�
Ý�q/Ø!ã�Ü1ã¥è ÙE×�ë%â�òEÙEê5à�ë�æ:ä&Û�×�à·Û�ßDÜLæ®ì�í&×�ë·ó
÷$q+ÜBì¬Û�ß!ì�í&êDæ®à7á�â�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙDß!à7á:ó
à-q�í�ßDè ê¥ã-â�òEÙEê5à�ë�æ:ã¥õ¥ä7Ý±ÙEæ®à·Û�ã¥ÙDß!à7á:ó
Ø@q�â�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙDß!à7á+æ:ÙEæ ×�ò�ë�×�åAÙDß!à7á:î

p6°`î Ú Û�Ù`Ý¥à·Û�å-ß4ôEä&Û�×�Û
R ñ ä&ã!Ø!Û�æ ÙEð+â�òEÙEê5à�ë�æLà�ÝDçÄê¥ã�Ü"Ý±è ÙDß!à7á4Ü ì¬×�Ù`ì¬æ ×¾wLæ ×�å|Ý±ÙEÙ`ÝEó L ñä&ã!Ø!Û�æ ÙEð)â�òEÙEê5à�ë�æ%à�ÝDçÄê¥ã�Ü"Ý±è ÙDß!à7á6Ü�ì¬×�Ù`ì¬æ ×xg:×�÷b×�ì¬õ¥òE×Di Ý+ã¥ä7Ý±Û

M ñ ä&ã!Ø!Û�æ ÙEð-â�òEÙEê5à�ë�æZåAæ ×·öä&Û�Ý±è ÙDß!à7á+ÜMì¬×�Ù`ì¬æ ×¢g:×�÷b×�ì¬õ¥òE×Di ÝEî;r�í&þ¥ä&ß|Ûkôbã¥ÙEæ Þ�ì¬Û�ß!à7á+Û�ÜLæ®Ú±Û�ê¥þ�Ü?ë�×�ì�íBôEä7ÝnÜBØ!Û�æ ÜLßn�
Ý�q

R ⊂ L ⊂M.÷$q
M ⊂ R.à-q
L ⊂ R ⊂M.Ø@q
L = R ∪M.

p�«!î!ø4ì¬ê�Ý±Û�Ý¥ú�Û�ØEÝ±ÙEæ ×Àã¥êDä&×�é¬è®Ý�ë¬Ú¥à·×\Ü�ç�Ý¥ì¬ÙEã5é&à·æiåAæ®Ý±ä&ß¥î
Ý�q/Ö¥×�ì�í)í&ãùâ�òEÙEê5à�ë¬ÝùÙEæ ×�ò�ë�×�åAÙ`ÝEó"ì¬ê¥ã¥ý`à·Û�×�ÙEæ ×/Ý¥ØEØ!ß5í�ßDÜLÙ`Ý�æBì¬ê¥ã¥ý`à·Û�×�ÙEæ ×/å-òEè í&æ ôEè æ ê�Ý�ö
í�ßDÜLÙ`ÝEî

÷$q/Ö¥×�ì�í"í&ã)â�òEÙEê5à�ë¬ÝAÙEæ ×�ò�ë�×�åAÙ`ÝEóEåAã¥ÙEã±í&ã¥ÙEæ®à·Û�Ù`Ý-æ�ì¬ê¥ã¥ý`à·Û�×�ÙEæ ×�å-òEè í&æ ôEè æ ê�Ý�í�ßDÜLÙ`ÝEî
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à-q/Ö¥×�ì�íkí&ã�â�òEÙEê5à�ë¬Ý�ÙEæ ×�ò�ë�×�åAÙ`ÝEóPôEä&Û�×�è æ®à·Û�Ý±è ÙEæ ×�Ý¥ØEØ!ß5í�ßDÜLÙ`ÝEó�ã¥êDä&×�é¬è ã¥Ù`Ý+Ù`Ý�ôb×�ÜLÙDßDå
σ
ö1à·æ ×�è ×¥î

Ø@q/Ö¥×�ì�í"í&ã|Ø!ã�Ü1ã¥è Ù`Ý-ÙEæ ×�ò�ë�×�åAÙ`Ý)â�òEÙEê5à�ë¬ÝAä&Û�×�à·Û�ßDÜLæ®ì�í7ÝEî
p-�EînØBæ ×�à7á

C
ã¥Û�Ù`Ý¥à·Û�Ý-Û�÷Eæ þ¥ä�l1Ý±Ù5í&ã¥ä7ÝEî

Ý�q/Ö¥×�ì�í"í&ãAôEä&Û�ßDê`ç�Ý¥Ø+Û�÷Eæ ã¥ä&ò/ÙEæ ×�åAæ ×�ä&Û�Ý±è ÙE×�õ¥ã-ÜMì¬×�Ù`ì¬æ ×kÖ¥ã¥ä7ØEÝ±Ù`Ý-æ�g:×�÷b×�ì¬õ¥òE×Di ÝEî
÷$qªÙ�æ®Ý±ä7Ý)Ö¥ã¥ä7ØEÝ±Ù`Ý-Û�÷Eæ ã¥ä&ò

C
ÜLßDÙEã5ì¬æ;p¥î

à-qªÙ�æ®Ý±ä7Ý}g:×�÷b×�ì¬õ¥òE×Di Ý)Û�÷Eæ ã¥ä&ò
C
ÜLßDÙEã5ì¬æ;p¥î

Ø@qªÙ�æ®Ý±ä7Ý)Ö¥ã¥ä7ØEÝ±Ù`Ý$í&×�õ¥ã)Û�÷Eæ ã¥ä&ò/ÜLßDÙEã5ì¬æ�oEî
p�¬Dî!ø4ì¬ê�Ý±Û�Ý¥ú�Û�ØEÝ±ÙEæ ×�â�ÝDç�ì¬Û�ßDÜ1×¥î
Ý�qyu:çÄã¥Þ�×�ÙEæ ×\â�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙDß!à7á$ë�×�ì�íLâ�òEÙEê5à�ë¬ÚAåAæ ×�ä&Û�Ý±è Ù`ÚEî
÷$q�²�è ã!à·Û�ßDÙ+â�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙDß!à7á$ë�×�ì�íLâ�òEÙEê5à�ë¬ÚAåAæ ×�ä&Û�Ý±è Ù`ÚEî
à-q j òEå|Ý-â�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙDß!à7á$ë�×�ì�íLâ�òEÙEê5à�ë¬ÚAåAæ ×�ä&Û�Ý±è Ù`ÚEî
Ø@qªÙ�ã!Ø!òiç�ÛÀâ�òEÙEê5à�ë�æ:åAæ ×�ä&Û�Ý±è ÙE×�ë�ë�×�ì�íLâ�òEÙEê5à�ë¬ÚAåAæ ×�ä&Û�Ý±è Ù`ÚEî

p-­Eî<ØBæ ×�à7á
A = {(x, y) ∈ R2; a 6 x 6 b, ϕ(x) 6 y 6 ψ(x)}

ó:õ5Ø!Û�æ ×
ϕ
ó
ψ
ì&Ú/ØEÝ±ÙDßDåAæ

â�òEÙEê5à�ë¬Ý±åAæDà·æ®Ú5õ!çÄßDåAæ�îPrÀä&Û�ßDÜ"Ý
K
ë�×�ì�í�÷Eä&Û�×�õ¥æ ×�å�ã¥÷`ì¬Û�Ý±ä&ò

A
æ�ë�×�ì�íZØ!ã!ØEÝ�í&ÙEæ ã\ì¬êDæ ×�ä&ã�Ü"Ý±Ù`ÝEî

ø4ì¬ê�Ý±Û�Ý¥ú�Û�ØEÝ±ÙEæ ×�â�ÝDç�ì¬Û�ßDÜ1×¥î
Ý�q

|A| =
∫ b

a
(ψ(x)− ϕ(x))dx.÷$q

|A| =
∫ ∫

A
dxdy.à-q

|A| =
∫ ∫

A
(x+ y)dxdy.Ø@q

|A| =
∫

K
(ydx+ 2xdy).

p-sEî�ØBæ ×�à7á
D∩R2

÷bð�Ø!Û�æ ×"ã¥÷`ì¬Û�Ý±ä&×�åÿë�×�Ø!ÙEã5ì¬ôbþ±ë�ÙDßDå(æ5â�òEÙEê5à�ë�×
P
ó
Q : D → R

ì&Ú�ØEÝ±ÙDßDåAæ
â�òEÙEê5à�ë¬Ý±åAæ�ä&Û�×�à·Û�ßDÜLæ®ì�í�ßDåAæ�î l1ÝDçÄê�Ý?êDä&Û�ßDÜ1ã¥è æ ÙEæ ã�Ü"ÝùÙEæ ×�Û�Ý±è ×�Þ�ßTã!ØñØ!ä&ã¥õ¥æ\à�ÝDçÄê¥ã�Ü"Ý±ÙEæ®Ý
Ü"í&×�Ø!ß+æzí�ßDè ê¥ã)Ü"í&×�Ø!ß¥óEõ5Ø!ß<�
Ý�qª�EòEÙEê5à�ë�×

P
æ
Q
ì&Ú)êDè®Ý¥ì¬ß

C1
Ü ã¥÷`ì¬Û�Ý±ä&Û�×

D.÷$qª�EòEÙEê5à�ë�×
P
æ
Q
ì&Ú|à·æ®Ú5õ!çÄ×kÜMã¥÷`ì¬Û�Ý±ä&Û�×

D
ÜLä7Ý±ÛkÛ$ôbã!à7áEã!Ø!ÙDßDåAæ�à·Û�Ú¥ì�í&ê¥ã�ÜLßDåAæ ∂P

∂yæ ∂Q
∂x
.à-q+ø ã¥÷`ì¬Û�Ý±ä&Û�×

D
Û�Ý¥à7áEã!Ø!Û�æzä&þ�ÜLÙEã5é&ú ∂P

∂y
= ∂Q

∂x
.Ø@qyuiÝ¥à7áEã!Ø!Û�Ú-Ü"Ý±ä&òEÙEêDæi÷$q1æ�Ø@q¡î

m�oEî!ø4ì¬ê�Ý±Û�Ý¥ú\í�ÜLæ ×�ä7Ø!Û�×�ÙEæ ×ÀôEä7ÝnÜBØ!Û�æ Ü1×¥î
Ý�q/Ö¥×�Þ�×�è æ

f
ë�×�ì�íBåAæ ×�ä&Û�Ý±è Ù`ÝEó!Ý

g
à·æ®Ú5õ!ç�ÝEó5í&ã|Û�çÄã¥Þ�×�ÙEæ ×

f ◦ g
ë�×�ì�íLâ�òEÙEê5à�ë¬Ú)åAæ ×�ä&Û�Ý±è Ù`ÚEî

÷$q/Ö¥×�Þ�×�è æiâ�òEÙEê5à�ë�×
f, g

ì&Ú)åAæ ×�ä&Û�Ý±è ÙE×¥óDí&ãAÛ�çÄã¥Þ�×�ÙEæ ×
g ◦ f

ë�×�ì�íLâ�òEÙEê5à�ë¬Ú)åAæ ×�ä&Û�Ý±è Ù`ÚEî
à-q/Ö¥×�é¬è æzâ�òEÙEê5à�ë¬Ý

f
ë�×�ì�íBåAæ ×�ä&Û�Ý±è Ù`ÝEó`Ý

g
à·æ®Ú5õ!ç�ÝEó!í&ã|Û�çÄã¥Þ�×�ÙEæ ×

g ◦ f
ë�×�ì�íBâ�òEÙEê5à�ë¬ÚAåAæ ×·ö

ä&Û�Ý±è Ù`ÚEî
Ø@qIðiÝ¥Ø!ÙE×ÀÛ�í�ÜLæ ×�ä7Ø!Û�×�ý/ÙEæ ×"ë�×�ì�íBôEä7ÝnÜBØ!Û�æ Ü1×¥î
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