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A Purely Algebraic Proof of the Fundamental
Theorem of Algebra*

Abstract. Proofs of the fundamental theorem of algebra can be divided up
into three groups according to the techniques involved: proofs that rely on
real or complex analysis, algebraic proofs, and topological proofs. Algebraic
proofs make use of the fact that odd-degree real polynomials have real roots.
This assumption, however, requires analytic methods, namely, the interme-
diate value theorem for real continuous functions. In this paper, we develop
the idea of algebraic proof further towards a purely algebraic proof of the
intermediate value theorem for real polynomials. In our proof, we neither use
the notion of continuous function nor refer to any theorem of real and com-
plex analysis. Instead, we apply techniques of modern algebra: we extend the
field of real numbers to the non-Archimedean field of hyperreals via an ul-
traproduct construction and explore some relationships between the subring
of limited hyperreals, its maximal ideal of infinitesimals, and real numbers.

1. Introduction

In 1799, Gauss gave the first widely accepted proof of the fundamental theorem
of algebra, FTA for short: Every nonconstant complex polynomial has a complex
root. Since then, many new proofs have appeared, including new insights, as well
as a diversity of tricks, techniques and general methods. Nearly a hundred proofs
of FTA were published up to 1907 (see Remmert, 1995, p. 98). Another hundred
proofs were released in the period 1933 to 2009 (see The Bibliography for the Fun-
damental Theorem of Algebra). This unusual number of proofs compares with the
multitude of proofs of the Pythagorean theorem (see Maor, 2007).

Fine and Rosenberg (Fine, Rosenberger, 1997) take a more general, qualitative
perspective and present six exemplary proofs of FTA classified according to the
techniques involved. They pair these proofs in accordance with the basic areas of
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mathematics and present these pairs as models of analytic, algebraic and topolog-
ical proofs. The first two proofs require real and complex analysis, the third and
fourth ones apply algebraic methods: splitting fields and the fundamental theorem
of symmetric polynomials, or the Galois theory and the Sylow theorem. The fifth
proof involves the notion of the winding number of a closed, continuously differ-
entiable curve f : R — C around 0. The sixth one relies on the algebraic topology
and applies the Brouwer fixed point theorem.!

After the presentation of analytic and algebraic proofs, Fine and Rosenberg
observe:

”We have now seen four different proofs of the Fundamental Theorem
of Algebra. The first two were purely analysis, while the second pair
involved a wide range collection of algebraic ideas. However, we should
realize that even in these proofs we did not totally leave analysis. Each
of these proofs used the fact the odd-degree real polynomials have
real roots. This fact is a consequence of the intermediate value the-
orem, which depends on continuity. Continuity is a topological prop-
erty and we now proceed to our final pair of proofs, which involve
topology.” (Fine, Rosenberger, 1997, p. 134)

All these proofs mentioned above involve, however, two kinds of continuity:
the continuity of total order and the continuity of function. The first one is the
characteristic feature of real numbers, and since we deal with real polynomials, we
cannot ignore the continuity of the reals. The second one refers to a function — one
can call the continuity of this kind a topological property. In our proof of FTA, the
continuity of a function is omitted. In the next section, we develop this distinction
further.

2. Two kinds of continuity

The continuity of the field of real numbers can be formulated in many equiva-
lent ways. In this paper, we apply what we believe to be the simplest development
— the one introduced by Richard Dedekind in his 1872 (Dedekind, 1872). To this
end, we need a notion of Dedekind cut.

DEFINITION 1

A pair of sets (L, U) is a Dedekind cut of a totally ordered set (X, <) if (1) L,U # 0,
(2)LUU=X,(3) Vye L)(VzeU)(y < z). A cut (L,U) is called a gap if there
exists neither a maximum in L nor a minimum in U. A cut (L, U) is called a jump
if there exists both a maximum in L and a minimum in U.

Now, depending on whether we consider the real line (R, <) or the field of reals
(R,+,-,0,1,<), we get different continuity axioms. The categorical characteristics
of a continuously ordered set (X, <), due to George Cantor’s (Cantor, 1895), con-
sists of three conditions: (1) the order is dense, (2) no Dedekind cut of (X, <) is

1Some of the recent results use linear algebra (Derksen, 2003) and nonstandard analysis (Lib-
man, 2006). The first one relies on the intermediate value theorem for real continuous functions,
the second one exploits the Brouwer fixed point theorem.
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a gap, (3) the order is separable, i.e., there exists such a countable subset Z C X
that is dense in X,

(Ve,ye X)(Fze2)(z<y=a<z<y)?

In other words, any ordered set (X, <) that satisfies the three above conditions is
isomorphic to the line of real numbers (R, <).

The continuity axiom for ordered fields is significantly simpler, for it consists
of the requirement (2) alone. This is, because the density of the field order follows
from ordered field axioms, while the continuity axiom itself implies that the order
is separable (see below).

From now on, F denotes a totally ordered field (F,+,-,0,1, <), that is a com-
mutative field with a total order that is compatible with addition and multiplica-
tion,

i) Ve,yeF)(ze<y=ax+2<y+2),
ii) (Ve,y,z€F)(z<y,0<z=z-2<y-2).

DEFINITION 2
The field of real numbers is an ordered field F, in which every Dedekind cut (L, U)
of (F, <) satisfies the condition

(FzeF)(Vye L)(Vz e U)(y <z < 2). (C1)

The categoricity theorem states that any two ordered fields satisfying axiom
(C1) are isomorphic (Cohen, Ehrlich, 1963, p. 105). In other words, any ordered
field satisfying (C1) is isomorphic to the field of real numbers (R, +,-,0, 1, <).

The well-known constructions of the reals, e.g. the one that identifies real num-
bers with cuts of the line of rational numbers (Q, <) due to Dedekind, show that
there exists at least one field of real numbers. On the other hand, the categoricity
theorem implies that there exists at most one, up to isomorphism, field of real
numbers.

The order of an ordered field is dense: it follows from the simple observation
that if z < y, then (z+y)/2 lies between = and y. On the other hand, the density of
a field order is equivalent to the claim that no cut of (F, <) is a jump. As a result,
(C1) is reduced to the fact that no Dedekind cut of (F,<) is a gap.®> With this
knowledge we can easily visualize the continuity of the real line.

On the diagram below a black dot corresponds to the maximal element of
the class L, or the minimal element of the class U. If there are, accordingly, no
maximum or minimum, then we put a white dot. In this way the diagram Dedekind
cuts represents the only possible kinds of cuts of the line (F, <). Cut (1) is a jump,
cut (2) is a gap. Axiom (C1) states that cuts (3) and (4) are the only possible cuts
on the line of real numbers (R, <).

2Next to (Cantor, 1895), § 11. Der Ordnungstypus 6 des Linearkontinuums X, see also (Ku-
ratowski, Mostowski, 1966, ch. VI), § 3. Order types w,n, and .

3Tt follows from the axiom (C1) that the set of fractions, Q, is dense in (R, <); in fact, it is an
equivalent form of the Archimedean axiom (see § 4 below). Thus, for ordered fields, (C1) suffice
to characterize the continuity of the order.
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Fig. 1. Dedekind cuts

(C1) is called the continuity axiom.* In fact, it is one of the many equivalent
formulations of the continuity of the reals. Here are some other popular versions:

(C2) If A C F is a nonempty set which is bounded above, then there exists a € F
such that a = sup A.

(C3) Field F is Archimedean and every Cauchy (fundamental) sequence (a,,) C F
has a limit in F.

Cohn and Ehrilch (Cohen, Ehrlich, 1963, p. 95-96), present other standard
formulations of the continuity axiom which appeared at the turn of 19th and 20th
century. Due to their existential character (“there exists z € F such that”), they all
make it possible to determine specific real numbers — each version with a different
technique, e.g., via Dedekind cuts, bounded sets, or fundamental sequences. In
a sense, each form of the continuity axiom corresponds to a specific technique. In
the next section we present a new version of the continuity axiom that reflects the
technique we adopt in our proof of FTA.

2.1. Now we turn to the continuity of function.

DEFINITION 3
A function f : F — F is continuous at a point a € F if the following condition
holds

(Ve > 0)(30 > 0) (Ve e F)(|z —a| <0 = |f(z) — f(a)| < &).

To elaborate, first, observe that the definition of a continuous function can
be formulated in any ordered field. Similarly, we can develop the theory of limits
of sequences in any order field (see Cohen, Ehrlich, 1963, chap. 3). Moreover, in
any ordered field we can also formulate the intermediate value theorem (IVT for
short).

Secondly, the standard proof of IVT for a real continuous function proceeds
as follows: Let f : R — R be a continuous function with f(0) < 0 and f(1) > 0.
Putting A = {z € [0,1] : f(z) < 0}, by (C2), we can take a = sup A. The
continuity of f implies f(a) = 0. The final step in this argument is based on the
rule stating that a real continuous function preserves the sign:

Fl©)£0= (36> 0)(Vz € R)(|lc—a| <8 = f(c)- f(z) >0).  (SR)

Thus, if f(a) < 0, then, by (SR), for some § > 0 and every = such that
0 <x—a<dholds f(x) < 0, contrary to the assumption a = sup A; the same

4In a topology induced by the order of reals, the property (C1) means connectedness.



A Purely Algebraic Proof of the Fundamental Theorem of Algebra [11]

argument applies to the case f(a) > 0. Hence, via the trichotomy law of the total
order, f(a) equals 0.

This proof clearly manifests the combination of the continuity of the reals and
the continuity of a function: we apply the (SR) rule to the point defined by (C2).5

Thirdly, from the logical point of view, the difference between the continuity of
an ordered field and the continuity of function is not an absolute one. Axiom (C1)
turns out to be equivalent to many statements of real analysis which are typically
presented as theorems and involve the notion of a function. Teismann (Teismann,
2013) proves that IVT, as well as the mean value theorem, is equivalent to (C1).5
Riemenschneider (Riemenschneider, 2001) lists 37 versions of the continuity axiom,
mostly theorems of one-variable real analysis.

3. Real closed fields

The theory of real closed fields, started by Emil Artin and Otto Schreier in
the 1920s, provides a general framework for this paper. Our sketchy account of
this theory starts with a technical notion of a formally real field.” At the end
of this section we show that in order to prove FTA it suffices to prove IVT for
polynomials.

DEFINITION 4
A field (F,+,-,0,1) is formally real if the sum of squares is zero only if each
summand is zero.®

An equivalent formulation of this definition is this: A field is formally real if
—1 cannot be written as a sum of squares, that is —1 ¢ {Za? Da; € ]F} Thus,
any ordered field is obviously formally real.

DEFINITION 5
A field (F,+,-,0,1) is real closed if it is formally real and every proper algebraic
extension of the field is not formally real.

A real closed field is in fact an ordered field. Setting

x<y®y—x€{2af: a; € F}

we obtain a total order compatible with the addition and multiplication on F.
The real number field and the real algebraic number field are both really
closed, so the order of a real closed field is not necessarily continuous. Next, some

5Essentially, this argument goes back as far as Bolzano (Bolzano, 2004).

6The proof of the first equivalence can be easily based on our diagram Dedekind cuts. If a field
F does not satisfy (C1), then there is a cut of (F, <) which yields a gap (L, U), as the one marked
by (2). A function given by f(x) =0, for x € L, and f(z) = 1, for € U, is continuous and does
not satisfy IVT. If F is the real number field, then we can adopt the proof presented above to
show that a real continuous function satisfies IVT.

"The general reference here is (Artin, Schreier, 2007; Cohen, 1991, chap. 8; Jacobson, 1975,
chap. 6); see also (Zassenhaus, 1967) as it applies the theory of real closed field to give a con-
structive proof of FTA.

8We assume that all fields considered are commutative.
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theorems concerning real polynomials, like the intermediate value theorem, mean
value theorem, extreme value theorem, Rolle’s theorem, or theorem of Sturm about
the number of zeros in an interval, also hold in a real closed field.? These results
suggest that the algebraic features of the real number field alone imply IVT.

3.1. The theory of real closed fields provides a criterion for a field to be alge-
braically closed. Artin and Schreier (Artin, Schreier, 2007) show that: “In a real
closed field, every polynomial of odd degree has at least one root.” (Artin, Schreier,
2007, p. 275)

Then, they proceed to prove the proposition that constitutes the basis for our
argument, namely:

“A real closed field is not algebraically closed. On the other hand, the
field obtained by adjoining ¢ (= v/—1) is algebraically closed.” (Artin,
Schreier, 2007, p. 275)1°

In fact, Artin and Schreier present two proofs which make the essence of what
Fine and Rosenberg call the algebraic proofs of FTA.

The above result supports the conclusion that FTA is equivalent to the claim
that real numbers form a real closed field.

3.2. The definition of a real closed field does not provide simple criteria for a field
to be really closed. Yet, real closed fields can be described more explicitly. Cohn
(Cohen, 1991) shows that an ordered field (F,+,-,0,1, <) is real closed if and only
if it is closed under a square root operation and odd-degree polynomials have roots
in [F, that is

(R1) (V2 > 0)(Fy € F)(y* = ),
(R2) (Va; € F)...(Vas, € F)(3z € F)(2®"*! + 32" a;z’ = 0).

Indeed, these properties, along with ordered field axioms, constitute the set
of axioms for ordered real closed fields (see Marker, 2002, p. 94-95).1! Tt is also
easily seen that properties (R1), (R2) can be combined into this one:

“An ordered field is real closed if and only if it has the intermediate value property
for polynomials.” (Cohen, 1991, p. 315)

As a result we obtain:

ProposiTION 1
If an ordered field has the intermediate value property for polynomials, than the
field obtained by adjoining /—1 is algebraically closed.

Thus, to prove FTA it is sufficient to prove IVT for real polynomials.

9See Jacobson, 1975, chap. VI, § 3.

10The converse of this theorem also holds: If F is such an ordered field that the field obtained
by adjoining v/—1 is algebraically closed, than F is real closed (see Jacobson, 1975, p. 277).

M Given (F,+,-,0,1) is formally real, the axiom (R1) has to take the following form: (V& €
FEy eF)(y? =z Vy? = —x).



A Purely Algebraic Proof of the Fundamental Theorem of Algebra [13]

4. Archimedean fields

In the next section we will deal with a non-Archimedean field, so now we
restate the definition and some basic facts concerning Archimedean fields.

DEFINITION 6
A totally ordered field F is Archimedean if it satisfies the condition

(Vz € F)(3n € N)(n > z). (A1)

Axiom (A1) is called the Archimedean axiom. Here is its equivalent version

lim + = 0. (A2)
n—oo N

Yet another equivalent formulation of the Archimedean axiom is the following
one: If (L,U) is a Dedekind cut of (F, <), then

(VMneN)(Fze)(FyelU)(y—xz<1/n). (A3)

Given (L, U) is a Dedekind cut of (T, <), by (A3), we can find such a sequence
(rn,) C F that satisfies conditions

1
rog—1 € L, o, €U, 1o, —rop—1 < i (1)

Ty <13 < Srgpo1 < Sirmgp < <y <o,

We refer to this fact proving proposition 3 below.

The real number field is the biggest Archimedean field, that is any Archimedean
field can be embedded into the field of reals; on the other hand, any extension of
the reals is a non-Archimedean field (see Cohen, Ehrlich, 1963).

5. Extending the real number field

In this section we introduce the construction called the ultraproduct to extend
the field of reals to the field of hyperreals (nonstandard real numbers). We apply
this construction directly to the field of reals to build a special kind of ultraproduct
called an ultrapower. This presentation follows (Cohen, 1991; Goldblatt, 1998).

To start with, we give the definition of an ultrafilter.

DEFINITION 7

A family of sets Y C P(N) is an ultrafilter on N if (1) 0 ¢ U, (2) if A, B € U, then
ANBel, (3)if AclU and A C B, then B € U, (4) for each A C N, either A or
its complement N\ A belongs to U.

It follows from this definition that either the set of odd numbers or the set of even
numbers belongs to an ultrafilter.

Now, take the family of sets with finite complements. It obviously satisfies
conditions (1)—(3) listed in the definition of an ultrafilter. By Zorn’s lemma, this
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family can be extended to an ultrafilter & on N (see Cohen, 1991, p. 29; Goldblatt,
1998, p. 20-21).

From now on, U denotes a fixed ultrafilter on N containing every subset with
a finite complement.'?

In the product RY we define a relation

(rn)=(sp) = {neN: r, =s,} €U.

This is easily seen to be an equivalence relation. Let R* denote the reduced product
RN/_.
The equality relation in R* is obviously given by

[(ro)] =[(sn)] & {neN: r,=3s,} €U.
It follows from the notion of ultrafilter that

()] # [(sn)] @ {neN: r, #s,} €U.

Algebraic operations on R* are defined pointwise, that is

[(ra)] + [(sn)] = [(rn + s0)], ()] - [(s0)] = [(r - 50)]-

And a total order on R* is given by the following definition

[(r)] < [(sn)] © {nEN:7, <s,} €U.
13

We embed the set of reals R into the set of hyperreals R* by identifying the
standard real number r with the hyperreal determined by the constant sequence
(r,r,7,...). Thus, setting r* = [(r,r,r,...)], the embedding is given by the following
map

R>r—r*eR"

To end this part of our development, we would like to ease our notation: from
now on we use r for hyperreal number r*. In fact, it is a consequence of the
convention that R is a subset of R*.

ProposITION 2
(R*,+,-,0,1, <) is non-Archimedean ordered field.

Proof. Goldblatt (Goldblatt, 1998, p. 23-24) gives a straightforward proof that
the hyperreals form a totaly ordered field.!* In addition, by (A2), for any r € R
the inequality holds r # [(1/n)], which means that the field of hyperreals extends
the field of reals. Thus, the field of hyperreals is non-Archimedean.

12The reader can find the same reasoning in the literature encoded in one short sentence: Let
U be a fixed nonprincipal ultrafilter on N.

13In the above definitions, we adopt a standard convention to use the same signs for the
relations and operations on R and R*; see (Goldblatt, 1998), chap. 3, § 3.6.

M This claim is also a straightforward consequence of the L.o$ theorem (Lo$, 1955), also known
as the transfer principle; however, in this paper we avoid arguments relying on mathematical
logic.
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O
In the last section, we will also show that the field of hyperreals is real closed.

5.1. We define, in a standard way, subsets of R* — sets of infinitesimals, limited
and infinitely large hyperreals, namely'®

x € Q& (VneN)(|z| <1/n),
z el & (3n € N)(|z] < n),
x €V & (VYn € N)(|z| > n).

The set of positive hyperintegers (hypernaturals) N* is defined by
N* = {[(r,)] e R*: {neN: r, e N} eU}.

Roughly speaking, the set N* consists of elements [(n,)], where (n;) C N.
Next, on the set R* we define a relation x is infinitely close to y by putting

rrysc—ye

This is easily seen to be an equivalence relation.

Following are some elementary facts concerning these concepts. For the sake of
completeness, we present a short justification for each one, though they are almost
obvious.

(F1) A standard real is a limited hyperreal, R C L.
It is the consequence of the Archimedean axiom.

(F2) Two standard real numbers r, s do not lie infinitely close to each other.

It follows from the Archimedean axiom that the real number |r — s| is greater
than 1/k for some k € N. Thus this number is not infinitesimal, and neither r — s
nor s — r belongs to .

(F3) Limited numbers form an ordered ring (L, +,-,0, 1, <) with Q being its max-
imal ideal. Particulary, the following condition is satisfied

Ve Q(VMyeL)(z-yeQ).

The first part of this claim is a consequence of the interplay between the
quantifiers “for all” and “exists” occurring in the definitions of sets 2 and L. To
show that €2 is the maximal ideal of the ring L, suppose, to obtain a contradiction,
that G is an ideal of I such that @ ¢ G and G ¢ L. Take z € G \ Q. Since z is
limited, for some m € N holds |z| < m; since it is not infinitesimal, for some k
holds |z| > 1/k. Then

1/k < |z| < m.

150ur definitions agree with the those given by Artin and Schreier (Artin, Schreier, 2007).
However, we can offer some simple examples of infinitesimals and infinitely large numbers, namely
[(1/n)] € Q, [(n)] € ¥, moreover, it is easy to demonstrate that if lim r, = 0, then [(rn)] € Q,

n— oo
and if lim r, = oo, then [(rn)] € V.

n—00
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Hence, via the rules of an ordered field, we obtain
I/m<|z7t <k,

which means that z~! is a limited hyperreal. Since x belongs to the ideal G, the
element 1 = x - z~! also belongs to G, a contradiction.'®

(F4) If x € R* and x # 0, then the equivalence holds
reEQe el

z € Q\ {0} and 27! ¢ ¥, then 27! € L. By (F3), z- 27! € €, contrary to
the fact that 1 is not an infinitesimal. Next, if [x71| > n, for every n € N, then
x < 1/n, for every n € N. It is equivalent to the claim that if 2~ is infinitely
large, then x is infinitely small.

To summarize this subsection, we present a diagram representing the ultra-
prower construction.

r (.) R
L R
. R
0
a &) o
¥__\/\_/
L

Fig. 2. The ultrapower construction

5.2. We can apply the ultraprower construction to any ordered field F. Thereby we
obtain the set F* and its subsets €2, IL, W, as well as the relation x is infinitely close
to y. With these notions we can formulate yet another version of the continuity

axiom, namely
(Va e L)(3z € F)(a =~ z). (C4)

ProproOSITION 3
The statements (C1) and (C4) are equivalent.

6By proposition 3, one can show that the quotient ring L/ is isomorphic to the real number
field. As a result, we can represent the set L. as the union of disjoint sets r 4+ €2, the so-called
monads, for r € R.
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Proof. The first part of this claim — if F = (R, +,-,0,1, <), then each limited
number « is infinitely close to exactly one real number z — is the well-known
Standard Part Principle (see Bair et al., 2013; Goldblatt, 1998, p. 53). In the
proof that follows, we apply the Archimedean axiom in the version (A3).

The limited number a € R* determines a Dedekind cut of (R, <)

L={zeR:z<a}, U={zeR:z>a}.

By (C1), the cut (L,U) determines the real number z. By (1), we find a se-
quence (r,) C R such that ro5_1 € L, rop € U and rof, — r9x—1 < 1/k. Hence,

Z,a € m [TQk'—la Tgk],
k=1

which gives z =~ a.

Since two standard reals do not lie infinitely close to each other, only one real
is infinitely close to a. This unique number is called the standard part, or the
shadow, of a and is denoted by a°. Thus a° =~ a, or a = a° + ¢, for some € € Q.
Also, note that if a =~ b, then, by the uniqueness of the standard part, we obtain
a® = b°.

For the second part of the proof, we first show that (C4) implies (A2).17
Suppose, on the contrary, that (A2) does not hold. Then, for some £ > 0 and for
every n holds € < 1/n. Hence 0 = [(1/n)] =~ €, which contradicts the claim that
there is only one element in F infinitely close to [(1/n)].

Thus we come to the main part of the proof. Let (L,U) be a Dedekind cut
of (F,<) and (r,) C F satisfy condition (1). Then r < [(r,)] <71 + 1. Since F
is Archimedean, for some n € N holds [(r,)] < n. As a result we obtain that
[(rn)] € L. By (C4), there exists z € F such that z ~ [(r,)]. We show that z is the
greatest element in L, or the least element in U.

Seeking a contradiction, suppose that (L, U) is a gap. We need to consider four
possibilities resulting from a combination of the following conditions: (1) z € L,
(2) z € U, (a) the set of odd numbers belongs to U, (b) the set of even numbers
belongs to U.

(Ad 1a.) Suppose z € L and the set of odd numbers belongs to &. There exists
x € L, such that z < z, for (L,U) is a gap. Set

r—z
B) .

9 —

(2)
Since z & [(ry,)], it follows that

{neN||r, —z| <0} €U.
Put

1
A:{nEN:niSOdd}ﬂ{n€N|\Tn—z|<9}ﬁ{n€N:E<9}.

17For another proof of proposition 3 see (Hall, 2011), however, it implicitly relies on the as-
sumption that F is Archimedean.
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First, A € U. Second, if k € A, then r, — z < 6; in consequence
re <x—0. (3)

By (2), we have r; < z. Thus r, € L.
On the other hand, it follows from (1) that

1
Tk+1—’l’k<%<9. (4)
By adding inequalities (3) and (4) we obtain 7441 < x. Hence 7441 € L. But
k + 1 is even, so ryy1 € U, contrary to the assumption L N U = (.
(Ad 1b.) In the same manner, suppose z € L and the set of even numbers
belongs to U. Let = € L be such that z < z; set § = 5=, Put

A:{neN:niseven}ﬂ{neN\|rn—z\<0}ﬂ{n€N:1<0}.
n

Let & € A. As before, r;, < x, which gives r, € L. Since k is even, the term 7y,
belongs to U. Thus r, € L NU, a contradiction.
The same reasoning applies to cases (2a), (2b). O

5.3. Let » € R. In our proof of FTA, we will also need these simple facts:'®

If » > 0, then for every € € Q the relation obtains r 4+ ¢ > 0.

If r < 0, then for every ¢ € Q) the relation obtains r 4+ & < 0.

For the proof of the first fact, note that if > 0, then for e € Q holds |e| < r/2.
Hence r +& > r/2,and r + ¢ > 0.

These two facts imply the third result:

Ifx~yand z-y <0, then ,y € L and the standard part of x is equal to 0,

Vz,y e R")(z = y,z-y<0=2°=0). (5)

6. Polynomials
Let f € R[x] be a real polynomial,
f(z) =ag+ a1z + ... + apz™, where a; € R.
By f* we mean a hyperreal polynomial f* : R* — R* with real coefficients a;,
(@) =ap+az+ ... + amz™,

defined by
Fr({rn)) = [(f(r1), f(r2), )] (6)

If r € R, then f*(r) = [(f(r), f(r),...)]. Since we identify real number r with
hyperreal r*, the equality f*(r) = f(r) obtains.

180ne can consider these facts a nonstandard counterpart of the rule (SR), given above in
section 2.
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LEMAT 1
Let f € R[z] and a € L. If a = b, then f*(a) = f*(b).

Proof. Set
f (x) =ap+ a1z + ... + apx™, a; €R.

Let r be the standard part of a, that is r = a°. Thus r = a, and for some ¢ € Q
we have a = r + €.
Now, for the real number r, the following equalities hold

ffr4+e)=ao+ai(r+e)..+an(r+e™
= f*(r)+e-wlay,....am,re),

where w(ay, ..., am,r,€) € L. Since infinitesimals form an ideal of the ring L, the
hyperreal number ¢ - w(ay, ..., am, 7, €) belongs to 2. Hence f*(r +¢) — f*(r) € Q.
The identification f*(r) = f(r) clearly forces f*(r +¢) ~ f(r). Since a = r + ¢,
we obtain
[H(a) = f(r).

If a ~ b, then via the transitivity of the relation is infinitely close, we get
r = b. By the uniqueness of the standard part, we also have r = b°. The reasoning
applied to the pair r,a works for the pair r,b too, thus

fr ) ~ f(r).

Finally, once more applying the transitivity of the relation is infinitely close,
we have
fr(a) = f*(b).
O
One can consider this lemma as a nonstandard counterpart of the standard
claim that a real polynomial is a continuous function. Indeed, Birkhoff and Mac
Lane, in Chapter 4, entitled Real Numbers, of their (Birkhoff, Mac Lane, 1977)
provide a proof for this claim which applies the ¢ — ¢ technique. In the next
chapter, introducing the proof of FTA they write: “Many proofs of this celebrated
theorem are known. All proofs involve nonalgebraic concepts like those introduced
in Chap 4” (Birkhoff, Mac Lane, 1977, p. 114).

We consider the proof of the following proposition purely algebraic. By Propo-
sition 1, this proposition is equivalent to FTA.

PROPOSITION 4
Let f € Rlz] and a,b € R. If f(a)- f(b) <0, then for some ¢ € (a,b) holds f(c) = 0.

Proof. Obviously, we can take a = 0, b = 1. Suppose f(0) < 0 and f(1) > 0.
By (6) the same relation obtains in the realm of hyperreals, that is f*(0) < 0 and
f*(1) > 0.
Let N = [(n;)] = [((n1,n2, ...)] be an infinitely large hyperinteger; we can take,
for example, N = [(n)]. Set
1 2 N -1
In={K/N:0<K <N} = {0, < NTl}
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In a similar way we define sets I,
1 2 n; —1
I, = {k/n; :0<k <n;}= {0, L Bl 1}.
ng Ny nj
However, while sets I,; are finite, the set Iy is infinite; in fact, it has cardinality

continuum.!?

The image of I,,, under the map f is a finite set

f(In) = {£(0), f(1/n5), -, F(1)}-

If for some k we have f(k/n;) = 0, then the proof is done. Thus, we can assume
the elements of f(I,,) are either negative or positive. Let k;, where 0 < k; < nj,
be the first integer such that f(k/n;) <0 and f((k+1)/n;) >0,

f(kj/ng) <0, f((k; +1)/n;) > 0. (7)

We can always find such k;, for the sets I,,; are finite.

Put K = [(k;)]. Since 0 < k; < nj, hyperintiger K satisfies the inequalities
0 < K < N. Moreover, K + 1 = [(k; + 1)].

By (6) and (7) we have

FHKIN) <0, f*((K +1)/N) > 0, (8)
Number K/N is a limited hyperreal. Let ¢ be its standard part, that is ¢ =
(K/N)°.
Since N is infinitely large, the element 1/N belongs to Q. Thus K/N ~ (K +
1)/N, and via the transitivity of the relation is infinitely close we obtain
K/N ~c~ (K +1)/N. (9)
Next, by the lemma, it follows that
Y (K/N) = f(c) = f*((K + 1)/N). (10)

Now we come to the final part of the proof. By (10) hyperreals f*(K/N) and
f*((K 4+ 1)/N) are infinitely close; by (8) they have opposite signs. Then, by (5),
the standard part of f*(K/N) is equal to 0, that is

(F* (K/N))° = 0.

On the other hand, by Proposition 3, there exists one and only one standard
real number infinitely close to f*(K/N); by (10) it is the number f(c), that is

(f*(K/N))? = f (o).

Hence then f(c) = 0.

To end the proof, observe that the hyperreal K/N belongs to the segment
(0,1), so its standard part, ¢, lies in the segment [0, 1]. Since f(0)- f(1) < 0, the
real number ¢ equals neither 0 nor 1. As a result, ¢ lies in the segment (0,1). O

Following, we show that a polynomial with hyperreal coefficients has the in-
termediate value property.

19The set I is usually called a hyperfine grid.



A Purely Algebraic Proof of the Fundamental Theorem of Algebra [21]

PROPOSITION 5
Let f € R*[z] and a,b € R*. If f(a) - f(b) < 0, then for some ¢ € (a,b) holds
fe)=0.

Proof. Let a hyperreal polynomial
flx)=Ag+ Az + ...+ Apa™, A €R", meN,

be such that f(a) < 0 and f(b) > 0, with a = [(a,)] and b = [(b,)]. Suppose
A; = [(rin)], where 0 < i < m. The hyperreal polynomial f is accompanied by
a family of real polynomials f,, € R[z], where

fal@) =ron +T1pz+ ... +rpmaz™, nelN.

Indeed, what we really have is a function f = [f,], where [f,] : R* — R* is
defined by

[fal([(dn)]) = [(f1(d1), f2(d2), -..)]. (11)

Set
I={neN: f,(a,) <0}, J={neN: f,(b,) >0}

Since I,J € U, the intersection I N J also belongs to U. We can take into
consideration only real polynomials f,, with indexes n € I N J. Thus, for any f,,
where n € I N J, we have

By Proposition 4, there exists ¢,, € (an, b,,) such that f,,(c,) =0, forn € INJ.
For indices n € N\INJ, we can take ¢, = 0.2° Put ¢ = [(c,,)]. By (11), the equality
f(¢) =0 holds.

Since

ap < ¢, <b,, with nelndl,

we have the inequalities

[(an)] < [(en)] < [(bn)]-

Hence ¢ € (a,b).
To end the paper, by Propositions (1) and (5), we obtain

COROLLARY 1
The hyperreal number field is real closed and the field R*(\/—1) is algebraically
closed.

20The equality [(rn)] = [(sn)] holds if 7, = s, for indices n, which belong to some element of
the ultrafilter U. Thus, defining a hyperreal [(¢,)] only those terms ¢, matter, of which indices
n belong to the same element of the ultrafilter U/.
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